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, B y  A r n o l d  M, F e i n g o l d  
The p r e s e n t  y a 2 o r  i s  R E  i n v e s t i q h t i o n  of t h e  stxbil- 
i t y  of t h e  twc-blade r o t o r  nounted OF. s p m n o t r i c a l  ~ u p ~ o r t s .  
ks w i l l  b e  shotvn la te : ,  thc! r e s - d l - 5 ~  d i f f e r  f r o 3  t k o s e  f o r  
a +Uhree-blade r o t o r ,  The rt';siscz f o r  t h o  d i f f e r o n :  %ohavior 
2 
lies In the Inherent esynmtry of a rotor with only two 
blades,  
two-blade rotor w J t  
small hlnge deflect 
the line of the bladee. 
aFpear i n  a rotor of three or  mom b?ad.es, results i n  the 
rotor system having different dynamic properties along 
ard normal t o  the l ine of the klades. Therefore, with 
supporte that have equal stiffness and mass i n  all dlrec- 
tione actached t o  a two-blade rotor, two principal Vi- 
byation tifes of the rotor hub can still be distinguiehed. 
No preferred vibration ax08 can be distinguished fo r  a 
three-blade rotor mounted on symmetrical supports. This 
di&lnctZon 6hows up phpica l ly  in the shape of the vi- 
bration modes. Whereas a three-blade rotor whirls In a 
circle, a twbblade rotor whirls i n  an ellipee, of which 
the principal axes are along and normal t o  the line of 
tho rotor blades. 
Mution of the cen%er of ~ B B  of the blades of a 
the rotor hub, due t o  
lades, m u s t  be normal t o  
This r e s t r d n t ,  which does not 
A two-b lade  rotor can be expected t o  show, i n  addi- 
t ion t a  eome feat tma of a three-blade rotor, come of the 
charscteristics of a rotating shaf‘t that  i s  e l l i p t i ca l  i n  
cro88 eection, 
h g s ,  is knownto have two c r i t i ca l  Bpeods, which corre- 
spond t o  each of the two principal stiffneeses. 
exmple, reference 2.) For all rotatiom1 speeds between 
the critical. speeds, tho shaf’t is unstabl-e and diverges. 
It w i l l  be shown t h a t  an oxactly 6iIIIilW phenomenon exis ts  
fo r  a two-blafie rotor. The existence of t h i s  region of 
instabil i ty for  R t w o - b l a b  rotor is predicted i n  reference 
1, i n  which the formula f o r  the shaft-cri tfcal  speeds bound- 
h g ,  th i s  instabil l ty range is glvon. 
region of instability, a second range of instabil i ty anal- 
ogous t o  that exhibited by a throe-blade rotor i s  a lso  
present . 
Such a shaft, mounted on syrmnetrica.1 bea- 
(See, f o r  
I n  addition t o  t h f s  
Only the case of s p m t r i c a l  supports is enalyzed In 
the present report. 
tho equations of motion are linear differential oquatlons 
that are diff icul t  t o  solve because the coefficlente vary 
periodically with the time (Mathieu type). Similar equa- 
tims a m  obtained i n  the problem of a rotating e l l i p t i ca l  
shaft mounted on asymmetric bemings. (See reference 2.) 
I n  the case of asymmetric supports, 
. SYMBOLS 
a radial position of vortical h i n e  
b d i e t m e  fram vertical  hinge t o  center of of blade 
3 
damping f o r c e  per unit v e l o c i t y  o f  ro to r -hub  
darnping force per unit a n g u l a r  v e l o c i t y  of b l a d e  
time-der i v a t  %ve o p e r a t o r  ( d / d t  ) 
d i s p l a c e m e n t  
d i s p l a c e n s n t  about h i n g e  
d i s s  i p a t  i on f unct i 00 
moment o f  i n e r t i a  of b l a d e  a5 out h i n g e  
s p r i n g  constant o f  ro t  or-hub displacement 
s p r t n g  c o n s t a n t  ox" blade s e l f - c e n t e r i n g  s p r i n g  
e f f e c t i v e  inaes of p y l o n  
e f f e c t i v e  maes of r o t o r  b l a d e  
t o t a l  9ffec:i.r.e mass o f  bladss and pylon (XI+ 2nb) 
radius o f  gjrrct t ion o f  b i aee  abcu . t  i t s  aentor  of 
Ir?ZSS \ 
a.r 3 f t r a L* y par a me t c r 
t i m e  
k i n e t i c  energy 
kinetic e r i e r g i e s  of r o t o r  b l a d e s  
k i n e t i c  0 n e r g y  o f  r o t m  hiib 
p o t e n t i a l .  e n e r g y  
d i s p l a c e m e n t s  o f  r o t o r  hub in r o t a t i n g  coordinate 
system 
r o t a t i n g  c o o r a i n a t e  a x e s  
f i x e d  c o o r d i n a t e  axes 
values of x a n d  y when t = 0 
4 
xl,yl d i s p l a c e m e n t  of f i r s t  r o t o r  b l a d e  i n  f i x e d  
c o o r d i n a t e  s y s t e m  
x2,y2 d i s p l a c e n e n t  of s e c o n d  r o t o r  blade i n  f i x e d  
c o o r  d i  na  t e sys  t e n  
e , p z  s n g n l a r  d i s p 1 a c e n e n t . s  of b l a d e s  zibout t h e i r  
h i n g e s  
A, = - "B 
Im, 
W Eng':>.Lar v e l o c i t y  o f  r o t o r  ( t i l e  c i i a e n s i o n l c ! s s  r a t i o  
w / w r  i s  c a l l e d  w i n  a p p l i c a t i o n s )  
n a f u r a l  f r e q u e n c y  o f  r o t o r  s y s t e m  o b s e r v e d  i n  
r o t a t i r . , g  c o o r d i n 9 t e  s y c t e m  (used  i n  noiid-imen- 
s io i i a l  f o r r n  i n  n p p l i c s t i o n s )  
w 3  
5 
w f n a t u r a l  f r e q u o n c y  of r o t o r  s r s t e m  i n  f i x e d  coor-  
d i . na t e  syafem (nond imens iona l  i n  a p p l i c a t i o n s )  
W r  r e f e r e n c e  f r aquency  (mi) 
Four r iegreer  o f  freedo:: of t h e  system a r e  ccx i s ide red  - 
h o r i z o n t a l  d e f l c c t i o r ,  of: t h e  r Q - c c r  bub i n  t h e  x- aad 
y - d i - e c t i o n s ,  and h i n g e  d e f f e c t i o c s  p 1  and  Bz o f  t h e  
b l a d z s  i n  % h e  h o r i z a n . c a l  p l a n e  a f  t h e  r o t o r  hub, The r o t o r  
is z s s u n e d  t c  r o t e t e  a t  a c c n s t a n t  v e l o c i t y  W .  
2 e f l e c t i o n  o f  t h e  r o t o r  hub ntiy b e  e i t h e r  t o  t h e  
b e n d i n g  of a f l e x i b l e  pyla? cIr 5 0  a r o c k i n g  t f  t h e  r o t o r  
c r a i t  cpoa, I t s  Landing gjn,ar,, G-oy.nd-rcEonnnce v i ' c r a t i o n s  
1 1 s  u.a 1 1 y i n + ~  c) Iv e 13.11 d i ag-g e ar f 1 e x I b  i 1 i t y . '2 he EEL t,":e na t i c a  1 
t r e s t n e r t  i s  t h e  same !.n 3 a t h  c a s e s ,  h u t  t 3 e  v a l u e s  o f  sev- 
e r a l  of t n c  p h g s i c a l  p c , r a a s t n r s  : , . r i l l  deFeiid rpoq v h i c h  node 
i s  5 9 i n g  i a v e s t i g r t e d .  I . h r c n d i o a t  ..? this p s 2 e r ,  t h e  t e r a s  
" r o t o r  supportsf' acd ''~yioz" will be  uxsd  i n t e r c h a n g e a b l y  
t o  d a n c t e  t C e  n o s r o t s t i ~ g  s % r u c t u r e  c o ~ ~ p l e d  w i t h  t h e  r o t o r  
blades. 
The. matherxAtica1 t reatr . ien5 h e r e i 2  d i f f e r s  f r o n  t h a t  
i n  r g f n r e n c e  1, i n  wiich.  a r e  u s e d  t h e  complex  n o t a t i o n  and 
t h e  n o f i , c n  of " u h i r l i n g  szee3.s ,'! t h a t  i s ,  d i r e c t i o n a l  Ire- 
q u e n z i e s ,  r e s u 3 . t i n g  f i*<>rc  t i l e  us2 G f  c o q l s x  numbors. Al- 
t h o u g 5  t h e  u e t h o d  c f  rb fe re2c . e  1 , i s  v a l n n b l a  f o r  s y s t s m s ,  
s c c h  r?s t h 3  t h r e e - b l a d e  r o t w  03 s y m n e t r i c s l  s u p g o r t s ,  
which  heve  circ . , , j I&r i i i ~ C p s  of v i S r c t i o n ,  i t  o f f e r s  l i t t l e  
advaatege f o r  tilo i ? r e s e c t  p r o b l e m ,  'in ?::hich t h e  r o t o r  2 e r -  
f o r c . s  s l l i p " u c a l  mc t ion ,  B e c t x n g u l a r  c o o r d i n a t e s  a c c o r d -  
i n g l y  e r e  u s e d  i n  t h e  y r n s o r \ . $  .papor  anC f r s c u e n c i c s  are 
used  i n s t e a d  of t;i."?.ir:i3g spscC;s, I n  compar ing  t h e  r e s u l t s  
o f  t h . a  p r e s e n t  p a 2 e r  with t:i;oss o f  r e f e r o r , c e  I, c s r e  s h o u l d  
b e  t a k e n  t o  d i s t i n g u i s h  'Det>ircer- f r e q u s n c i e s  a n 6  w k i r l i n g  
speeds .. W h i r l i n g  Epeeils ha-Jc d i r 2 c t i o n a l  s i g n i f i c a n c e ;  
whoreas  f r e q a e n c i e s  aTe e s s e n t i a l l y  p o s i t i s e  quantitiss' 
Rnc? d o  n c t  give a n y  ima?ec?iate i n f o r m a t i o n  c o n c e r n i r g  t h e  
d i r e c t i o n  of w h i r l  of t h e  v i b r a t i o n .  
The e q u a t i o n s  ( 2  , n o t i o n  a r e  s o t  -2p i n  a c o o r d i n a t e  
systei l l  r o t a t i l - i g  s? t? .e  r e l o c i t y  w. L e t  t h e  d e f l e c t i o n  
02 t h e   roto^ ;-ut be r z p r o s e n t o d  57 x and y i n  r o t a t i n g  
6 
c o o r d i n a t e s ,  (See  f i z .  1 i n  which t b e  i n t e r s e c t i o n  of  
t h e  o o o r d i n a t e  a x e s  r e p r z s e n t s  the u i i d 9 s t a r k o d  - p o s i t i o n  
o f  t h e  r o t o r  h u h , )  The Cis tv l rbed  p o s i t i o f i s  o f  tk.e t v o  
b l a d e s  in f i x e d  c 6 o r d i r a t e s  a r e  
x1 = (x + a i- % c o s  el) c o s  w t  - ( y  + b s i n  e , )  s i n  w t  
~1 = (Y + b s i n  pl) c o s  u t  + (x + a -t- ' O C O S  e , )  si r ,  w t  
a n 9  
x2 = (x - a - b c o s  e 2 )  cos  rut - ( y  - bsi:? B 2 )  sin m t  
Z h e  k i n a t i c  e r i e r g i c s  c?f tl;? t w o  r o t o r  b l z d e s  a r e  
and 
c 7 
B l2 c o s  $ 1  = 1 - -- 
2 
7 
a n d  
a 
cos p a  = 1 - -- e 2  
2 
b 
2 
e ,  = - ( B 1  + e a )  
where  r e p - e s e n t s  t h e  s k i % ? $ ,  6-ua t o  h i n g e  m o t i o n ,  o f  
t h e  c e n t e r  o f  -:ass 3f t h s  L ~ : c  - 0 l a 2 - e ~  k i t h  r e s p e c t  t o  t h e  
r o t o r  hu'o. The i n t r o C . u c t i c n  o f  6 ,  nr;d 0 ,  r e s u l t s  i n  
a partial d e c a u p l i n g .  o f  t h e  e q l i a t i o r i s  of motion. 
Tho total k i n e t i c  e n e r g y  of t h e  s y s t e m  i s  
9 TI + Ta + T, 
Only .L11e q u e , C r ~ t , i c  t e r n s  w i l l -  b e  r e t a i n e d  i n  t h e  kinetic- 
energ>- expressior, S e c a v s e  t h e  f e r a e  o f  l o x e r  def ; ree  v a n i s h  
ic t;ie Lagrange ca.ust , ior-s of  n o t i c n .  Then 
c 
L Tho p o t e n t i a ?  ecerfSy of t h e  s y s t e m  is 
8 
V = L IC (x“ + y 2 )  + ICB kl ’  + ea2) 
= L K (x2 + y 2 ) +  9 (0,’ + B 1 2 )  
2 
2 b 2  
Two t y p e s  o f  damping o f  the r o t o r  s y s t e m  a r e  assumed 
t o  e x i s t :  (1) dampicg i n  t h e  r o t o r  s u p p o r t s ,  which  i s  
o p o r t i o n a l  t o  v e l o c i t y  d i s p l a c e a e n t s  o f  t h e  r o t o r  hab 
a, f i x e 2  c o o r d i n a t e  system and. ( 2 )  dannping i n .  the b l a d e  
h i n g e s ,  The d i s s i p a t i o n  f u n c t i c n  P t h e n  becomes 
1 
-t w 2  (x2  + y2) - 2~ (iy - xJ.)j F = AB [i2 + 
2 &  
where B i s  t h e  d a q i s g  f o r c e  pc:: m i t  v e l o c i t y  o f  r o t o r -  
hu3 d i s F i a c e x e n t  :m!i 3 p  i s  t lse daxpin,: f o r c e  pe r  u n i t  
v e l o c i t 7  cf a r o t o r - b l z d e  d i s p i a c e m e n t  o . b o u t  t h e  b l a d e  h i n g e .  
The Lagrange o q u a t i o c s  o f  n o t i o n  a r e  
a n d  s imilar  e x p r e s s i o n s  f o r  y ,  e o ,  a n d  e,, The equa- 
t i o n s  of m o t i o n  becoriie 
I 
9 
cu l-i w h e r e  t h e  n o t a t i o n  
Y 
t-1 
d I) tl -- 
dt 
Squation (4)  can  'De s o i v e c i  i n , d e p e n d e n t l y  o f  t h e  o t h e r s  
becaase i t  i s  a n  e q u a t i o n  I n  o n l y  3ne v a r i a b l e  
t i o : i . ( 4 ) ,  t ih ich  a l s o  was Jbtai2er2 i n  t h e  sf; :~dy rJf t h ?  three- 
b l a d o  r o t o r  (reference l), r e p r e s e n + ; &  blade motion  w i t h  t h e  
*oladss moving in p h a s e ,  u n c o 3 q l n d  v i t h  py!.or, n o t i o n ,  K o t i o n  
i n  t i i i s  rrade is dsimpad alid d c e s  n o t  !,cad t o  instability. 
€lo, 3qua- 
Asswning s o l u t i o n s  o f  t h e  f c r n  
ar,d s u t s t i t u t i n { <  t h e s e  F o l m t : o n s  i n  5 q i m t i o n s  (1) $ 0  (3) 
gives t h e  c h a r a c t e r i s t i c  o r  f r e q u e n c y  equation 
I 2wm,-ihu; 
where t h e  n o n d i a e n s i o n a i  p a r a m e t e r s  
E 
9 = -'-- - io r 
C a s e  of Z e r o  Dayl2iiig 
, 
t 
where wa i s  t h e  n a t u r a l  f r e q u e n c y  of t h e  r o t o r  s y s t e m  
i c  a c o o r d i n a t e  e r s t e m  r o t a t i n g  w i t h  t h e  r o t o r o  (A l though  
e q u a t i o n  (7 )  i s  a c u b i c  e q u a t i o n  i n  b o t h  w 2  azd wasp 
r e c t a n g u l a r  I iy?erbolns- of t h e  f o r n i  ua2 = tu2 + s, whsre 
s is a n  a r b i t r a r y  p r a m e t e r ,  i n t e r s e c t  e q u a t i o n  ( 7 )  a t  
only t w o  val-uos of ua ,  F o r  ' p u r p o s e s  o f  c o m p u t a t i o n ,  
t h e r e f o r e ,  e q u a t l o n  ( 7 )  call b o  r o d u c a d  t o  a q u a d r a t i c  
. e q u a t i o n  i n  w a  b y  r o g l s c i n g  w w i t h  W a  + s . )  a .  
The s o l u t i o n s  f o r  z e r o  damping ( e q u a t i o n  ( 5 ) )  r e p r e -  
s e n t  mo t ion  of t h o  p y l o n  i n  ac e l l i s s o  e x p r e s s e d  r e l a t i v e  
t o  t h e  r o t a t i n g  c ~ o r d i ~ a t c  a x e s .  Xn f i x e d  c o o r d i n a t e s ,  
t h e  p y l o n  would novo in a n  e ! l i p s o  p r e c e s s i n g  a t  t h e  vei- 
l o c i t y  w e  T h i s  mot i cn  call b e  r reso lved .  i n t o  s i m u l t a n e o u s  
c f r c u l a r  m o t i o n  ;Lt t h o  3tro f r o q u c n c i e s ,  i w  c w a n d  ~ W - W , ;  
i n  wh ich  t h e  v e r f J i c a 1  lines i n d i c a t e  t h a t  the q u a n t i t y  in- 
s i d e  i3 t o  b e  c o : ~ s i d c r e d  p o s i t i v e .  If t h o  p y l o n  i s  su'i;jec+ed 
t o ,  a harmonic.  f o r c e  iil t h e  f i x c d  c o o T d i n a t e  sys t em of f r e -  
quency  wp, r ~ s o ~ . s n c e  w i l l  (icc'ur a t  e a c h  o f  t h e  f r e q u e n c i e s  
I a t  
t 
Wf = ! w  f w,/ 
! 
The f r e u u e n c g  w, w i l l  b e  r o f s r r o d  t o  as  t h e  n a t u r a l  f r e -  
qucncy  of tnc! r o - t ? r  sys t em in f i x e d  c o o r d i n a t e s .  
Tho graph. of tho f req,uoncy sciiuatioii (7) ' f o r  a , t y p i c a l  
s c t  of values of t h e  p a r s m e t m s  i s  givebn i n  T i g u r s  2 i n  
r i s t a t i n g  c o o r d i n a t e s  nnC i n  f i g u r o  3 i,i f i x e d  c o o r t t i o s t e s .  
F o r  a s r o  c o u p l i n g  be tweon t h e  b l a d e s  arid r o t o r  hU3, - t h a t  
i s ,  s h o n  equals z e r o  - o q ~ a t i o n  ( 7 )  f a c t o r s  i n t o  
s t r a i g h t  l i n ! : ? s  an3  o h y p c r ' c o l a ,  vhi.ch a r e  shown a s  long- 
dash l i i l e s  i l k  f i g u r e s  2 ani? 3 .  The  s i r s i g h t  l i n e s  r e p r e -  
ssnt hub m o t i r ~ n : .  sad-:. t h o  h ~ y e r k o l a  r g p r o s e n t s  blade motion.  
A sinal1 i n c r e t L s e  i n  A, r a s n l t s  in a ' b r e a k i n g  away o f  t h e  
12 
c u r v o s  a t  t h e i r  i n t e r s e c t i o n s  t o  fo rm t w o  s e l f - e x c i t e d  
r e g i o n s .  I t  i s  i n t e r e e t i n g  t o  compare f i g u r e  3 w i t h  
f i g a r e  4 ,  which i s  t h e  graph  of t h e  n a t u r a l  f r e q u e n c i e s  
o f  2 t h r e e - b l a d e  r o t o r  h a v i n g  t h e  same v a l u e s  of A , ,  Az, 
a n d  A,, 
The s h a f t - c r  i t  i c a l  s g e e d s  , o r  n a t u r a l  f r e q u e n c i e s  
i n  e q u a t i o n  (7). 
t h a t  wouli! be  i n  r e s o n a n c e  b;i th a n  u n b a l a n c e  i n  t h e  r o t o r  
sys t em,  are f o u n d  b y  p a t t i n g  sa, = 0 
F i g u r e  2 shows f tvo s u c h  s ? e e d s ,  a t  p o i n t s  A and B (shotrn 
also i n  fig. 3 ) ,  t h a t  boy.ind a r e g i o n  5.n which  0, is a 
pare imag ina ry  numbar. If ua, i s  a ccmplex r o o t  o f  t h e  
c h a r a c t e r i s t i c  e q u a t i o n ,  t h e  complex c o n j u g a t e  of 0% 
w i l l  a l s o  bo a r o o t  a n d  one o f  t h e  twc r o o t s  will have EL 
n e g a t i v e -  imag ina ry  p n r t  i n p l y i n g  i n s t a b i l i t y ,  The r o t o r  
s j rs ton:  w i l l  t hus  b e  u n s t a b l e  f o r  a l l  r o t a t i o n a l  s p e e d s  
be tween th9 t w g - - s h a f t - c r i t i c a l  s p e s d s ,  3 e c a u s e  W a  i s  a 
pure i s a g i n a r y  numbsr i n  t L i s  r e g i o n ,  t.hc f r e q a e x c y  of t h e  
r e s u l t a n t  s e l f - e x c i t e d  v i i ; r a t i o n  i s  z e r o  i n  a r o t a t i n g  CC)-  
o r d i n a t e  s p t e m  - s i r n i l n r  t o  tho  s h R f t - c r i t i c a l  s p e e d s  - 
and will a p p e n r  as a s e l f - e x c i t e 2  d i v e r p n c e ,  o f  th.e r o t o r .  
Tho e q u a t i o n  of t h e  s h a f t - c r i t i c a l  s p e e d s  i s  
The f i r s t  f a c t o r  g i v e s  t h e  l o ~ c r  s h a f t - c r i t i c a l  s p e e d ,  
The second f a c t m ,  t;r;iich ,i,c?pc.nds c n  or , iy  t h e  r e f p r e n c e  f r e -  
quency ,  marks t i le  c a d  o f  t h o  rarigc 3f i n s t a b i l i t y  a n d  i s  
t h e  secand s h a f t - c r i t i c a l  s p e e d ,  F o r m ~ l n  ( 8 )  a c d  an ex-- 
p e r i x c i i t 3 l  v e r i f i c a t i c n  o f  i t  z r e  giTicri i n  r c f e r o n c e  1, 
A con$enicr - t  g r a p h  of c q u n t i o n  ( 8 )  i s  give11 i n  f i g u r e  5. 
I t  w i l l  b e  n o t i c e d  t k a t  if i s  i m g o s s i % l e  t o  r emove  t h e  
tV;o shaf t -cr i t icp, , . l  s j ? e c d s  o r  t h e  i n s t a 3 - i l i t y  r e g i o n  be- 
tween  t h e =  k y z r - 7  possible! changi ;  o f  *,hc par~sr:l:;oters A , ,  
ha, o r  A,; t h a t  i s ,  w i t h o u t  thi: i n t r o d u c t i o n  o f  darn>ing, 
s e l f - e x c i t e d  v i h r a t i g o s  will always occur  \c ! low the r o t a 7  
f j i o n a l  s p e e d  W r o  
Icstnbility also o c c u r s  i n  EL r a n g s  of  r o t a 5 i o n a l  s p e e d s  
m g r e a t o r  t h r  ar .  &hiis rR.iigc: i s  s h a y r i  i r -  i ' i g u r c s  2 ai1.d 3 
a s  t ; l o  r o g j c n  b o u n d e d  by t L e  p o i n t s  C and D e n d  i s  sim- 
i l a r  i n  origin. t o  t h e  se l f -Z-xc i tod  r o g i o n  o x h i b i t e d  by t h e  
t'nrcc-313tdd r o t o r .  I n  t h i s  regionp t h e  r o o t s  o f  t h e  fre- 
quency o q a a t i o n  ?-re coriplcx a n d  s c l f - - a ~ c i t c d  v i b r a t i o n s  w i l l  
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t a k e  p l a c e .  U n l i k e  t h e  t h r e e - b l a d e  r o t o r ,  however ,  t h e  
r o t o r  hub w i l l  b e  see11 f r o m  a s t a t i o n a r y  p o s i t i o n  t o  be  
I s i m u l t a n e o u s l y  e x e c u t i n g  s e l f - e x c i t e d  v i b r n t  i o n s  a t  t w o  
I f l i f f e r o n t  f r e q u e n c i e s .  P h y s i c a l l y ,  o f  c o u r s e ,  t h e  r o t o r  
is e o v i n g  i n  a n  e l l i p s e  a t  t h e  f r e q a e n c y  w, w h i l e  pre-  c\) 
Fi c e s s i n g  a t  t h e  v e l o c i t y  W .  Y 
4 
A c h a r t  showing the l o w e r  a n d  uppe r  l i x i t s  of t h i s  
i n s t a b i l i t y  r e g i o n  for a v i d e  c h o i c e  of v a l u e s  f o r  t h e  
p a r a m e t e r s  A , ,  A s ,  a n d  & i s  given i n  f i g u r e  6. The 
c h a r t  i s  used b y  d r a w i n g  a s t r a i g h t  l i n e  t h a t  r o p r e s o n t s  
t h e  f u n c t i o n  (1 - 4 A 3 ) u ,  p l o t t e d  a g a i n s t  A,w + A,. 
Tho i n t e r s e c t i o n s  o f  t h i s  s t r a i g h t  l i n e  w i t h  t h e  p r o p e r  
&-curves give,, t h e  dos l re r? .  v a l n e s  of W .  I h o  s h c r t - d a s h  
l i n e  on t h o  c h a r t  i l l u s t r n t e s  tho m o t b o d  f o r  t h e  p a r a m t o r s  
of f i g u r a  2. 
2 B 
, 
“ha  p o s i t i o n  of t h e  i n s t a b i l i t y  regilrru i s  v e r y  sen- 
G i t i v o  t o  t f ;e  v a l u e  of  A,. (See  f i g .  7.) A s  A, i n e  
c r e a s e s ,  t h e  r e g i o n  oi’ i n s t a b i l i t y  o c c u r s  a t  g c e a t e r  
r o t a t i o n a l  s p s c d s  a n d  K O V C S  t o . i r - f i 1 l i t . y  f o r  A 3  = l / 4 ”  
For  f s l u a s  of A3 ~ r r . c t o : -  t h a n  1 / 4  - t h a t  i s , ’ w h e n  t h e  
total e f f e c t i v e  mass cf  t h o  r o t o r  b l ades  i s  g r o a t o r  t h a n  
t h e  affective m a s s  of t k e  r o t o r  s ~ ? . p : p o r . t s  - t h e  self- 
e x c i t e d  r e g i o n  dGes n o t  appeai.. .. . 
A t  c e r t a i n  ro t a t iQcaL  spegdc3, uy = 0, A t  s u c h  s p e e d s  
resonLr..ce nay b e  cxcitcd ‘ cy  a steady f o r c e ,  c o n s t a n t  i n  
d i r e c t i o n ,  n c t i n g  o n  t h o  pylar, o r  b l a d c s  - f o r  example ,  
graVit3-  a s t i n q  on a t i l t 3 d  r o t o r .  Tho two-b lado  r o t o r  bas 
t w o  s3xh  speeds, shovi? a s  p o i n t s  E aiid F i n  € i g u r c s  2 
a n d  3, Tha m a t h e r s t i c a l  c o r d i 5 i o n  f o r  each p o i t l t s  i s  t h a t  
uy - ’ O  o r  wEta = w 2  i n  eqxa t io r .  ( 7 ) .  5ho c q u n t i o n  g iv -  
i n g  t h e  r o t a t i o n a l  spce3.s ’ ~ t  which t h i s  coxid-it ion may occur  
is 
E q u a t i o n  ( 9 )  i s  p l o t t e d  i n  figure! 8 ,  which I s  u s e d  & i n i -  
l a r l y  t o  f i g u r e  6 ,  
3 f f o c t  o f  3 a u p i n g  
The effect of  dampin:’; w i l l  5 e  d e t e r n i n o d  i n  t h e  same 
manner as Z o r  t h o  t f i rea-blade r o t o r  i n  r e f e r e n c e  1. When 
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t h e  damping p a r a p e t e r s  A and  XB n r e  r e t a i n e d ,  equation 
( 6 )  i n  e x p r i d e d  f o r d  c a n  'Dc separated i n t r !  powers o f  W a  
h a g i i 1 g  reci a n ?  ina;;inar;r c o c f f i c i e n t s ,  The  % e r n s  of equa- 
t i o n  ( 6 )  w i t h  r e a l  c o e f f i c i e n t s  a r e  
T h o  t c r m s  w i t h  inag i i i a ry  c o c f i ' i c i c n t s  arc 
15 
??or small amounts  of damping,  the p l o t  o f  t h e  r e a l  
e q u a t i o n  i s  p r a c t i c a l l y  t h e  same as when damping i s  
n e g l e c t e d .  By  i n t r o d u c i n g  s u f f i c i e n t  damping, however ,  
t h e  h i g h e r  i n s t a b i l i t y  r e g i o n  mag b e  e l 5 m i n a t e d .  (See 
(u f i g .  10 . )  The "tvo s h a f t - c r i t i c a l  s p e e d s  and  t h e  insta- 
b i l i t y  r e g i o n  be tween them can also b e  remo.ced by p u t t i n g  rl 
enough dasping i n t o  $ h e  r o t o r  s u p p o r t s ,  a l t h o u g h  B l a r g o  F I4 
amount of damping i s  r e q u i r e d .  
I i r ief  D e s c r i p t i o n  o f  V i b r a t i o n  i4odos 
If damping i s  n e g l e c t e d ,  t h e  shape  o f  t h e  free vi- 
b r a t i o n  modes can  b e  found from t h e  e q u a t i o n s  o f  mot ion  
(1) t o  (4) and t h e  f o r m  of t h e  s o l u t i o n ,  e q u a t i o n  (51, 
The r o t o r  hub g e n e r a l l y  moves i n  an e l l i p t i c a l -  p a t h  i n  
r o t a t i n g  c o o r d i n a t e s  a l t h o u g h ,  a t  c e r t a i n  s:3eeds, t h e  
mot ion  may become c i r c u l a r  o r  l i n e a r .  A t  z e r o  r o t a t i o n a l  
s p o e C ,  t w o  of t-he t h r e e  modes i n v o l v e  hub m o t i o n  normal  
t o  t h e  l i n e  of t h e  b l a d e g ,  w i t h  concorl i i tant  blade motion.  
I n  t h e  t h i r d  mode, t h e  b lade6  do not v love about t h c l r  
h i n g e s  a n d  t h e  r o t o r  hub ZIOVQS i n  a s t r a i g h t  line p a r a l l o l  
t o  t h e  lincr of t h e  b l a d e s  a t  a f r e q u o n c g  equa l  t o  w r .  
A t  t h e  f i r s t  s h a f t - c r i t i c a l  spesd, tha r o t o r  hub d i -  
verges  i n  a d i r e c t i o n  n a r m a l  t o  t h e  l i m  02 t h o  b l a d e s ;  
whereas,, a t  t h e  s e c o n &  s h a f t - c r i t i c a l  s p e e d ,  t h e  hub 81- 
-?srges p a r a l l o l  t o  t h e  b l a d e s .  
The f o r c e d  r e s p o n s e s  of t h e  s y s t e m  t o  EL v i b r a t o r  
attached t o  t h e  p y l o n  can  also easily b e  d e t e r n i n e d  a n d  
show t h a t  t h o s e  r e s p o c s e s  l y i n g  c l o s d s t  t o  t h e  l i n e s  
w f a  = 1 are t h e  s t r o n g e s t n  When t h e  c o u p l i n g  p a r a m e t e r  
A, i s  zero, no r e s p o n s e  ~ c c u r s  a l o n g  t h s  l i n e s  wf = /2w* 11. 
T h i s  l a s t  cc lnc lus ion  i s ,  of c o u r s e ,  n e c e s s a r y  if '  t h e  t h e o r y  
is t o  g i v e  t h e  c o r r e c t  r o s u l t s  f o r  t h o  g e g e n e r a t e  c a s e  o f  
m n s s l o s s  r o t o r  b l a d e n  . 
c O'iCLUS I ONS 
The machan icn l  s t ~ b i l i t y  of a r o t o r  h a v i n g  t v o  v o r t i -  
c a l l y  h i n g e d  b l a d e s  mounted upon s y m n e t r i c e l  s u p p c r t a  has 
b e e n  i n v e s t i g a t e d  a n d  r e p o r t e d  h e r e i n ,  T h i s  i n v z s t i g a t i o n  
i n d i c a t e d  that t h e  m a i n  f e a t u r e s  o f  s u c h  a r o t o r  s y s t e m  may 
bo sumuar i zod  as  follows: 
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1. The vibrat ion modes are generally e l l i p t i c a l ,  as oppoeed 
t o  c i rcu lar  for  the  tlirea-blade r o t o r .  Tha e l l i p s e  precesses a t  
a speed (u as observed-Prom a, f ixed  posit ion; the  result is  Six 
reqonant o r  na tu rz l  frequencies i n  a f ixed  coordinate systm f o r  
a &van ro to r  speed as against four  ntltlnal frequencies f o r  the  
three-blade ro to r .  
2 .  Tie asymmetry of the  two-blade-rotor system gives r i s e  t o  
a rmqe of ro to r  speeds i n  which se l f -exc i ted  divergence of the 
ro to r  occur6. Thiv i n a t a b i l i t y  region i s  bounded by two shaf t -  
c r i t i c a l  speeds. 
skii;f t - c r i t i c e l  speeri with iio aasop:ated i n s t a b i l i t y  region. 
4 three-.blade rotor ,  i n  contrast ,  has only one 
3 .  The two-blade ro to r  has a second region of ro t a t iona l  
. speeds a t  which self-excited vibrat ions Gccur. 
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